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^ . Abstract 

By dimensionally reducing the higher derivative corrections of ten-dimensional IIB 
theory on a torus we deduce constraints on the E n +i automorphic forms that occur in 
d = 10 — n dimensions. In particular we argue that these automorphic forms involve the 
representation of E n+ i with fundamental weight A n+1 , which is also the representation to 
which the string charges in d dimensions belong. We also consider a similar calculation for 

<N ■ 

O the reduction of higher derivative terms in eleven-dimensional M-theory. 
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1. Introduction 



It is well-known that the type IIA [1-3] and type IIB [4-6] supergravity theories in 
10-dimensions are the low energy effective actions (at second order in derivatives) of the 
type II string theories. Furthermore Eleven-dimensional supergravity [7] is the low energy 
effective action of one of the limits of M-theory. Upon dimensional reduction on a torus 
to d = 10 — n dimensions all these theories become equivalent and furthermore posses a 
large and unexpected duality symmetry E n+ i [8-11] 

These supergravity theories are important as they encode all perturbative and non- 
pertubative effects, many of which cannot yet be calculated from first principles in String 
Theory or M-theory. The higher derivative terms of the effective action also encode much 
more structure of the fundamental theory and their study is of considerable interest. Since 
brane charges must be quantised [12,13] and are rotated into each other under E n+ i, only a 
discrete subgroup of E n+ i can be preserved in the quantum theory. This led to conjectures 
of duality symmetries in four-dimensional String Theory [14,15] and then unified into so- 
called U-duality [16] for all dimensions. 

The study of U-duality groups and higher derivative terms was begun in [17] for the 
R 4 term of ten-dimensional type IIB string theory with U-duality group SX(2, Z) and has 
been considerably extended to other terms [18-23]. Results also exist for higher derivative 
terms in less than ten dimensions [23-36]. The effective action consists of polynomial in 
the field strengths, Riemann curvatures, and derivatives of the scalar fields multiplied by 
functions of the scalar fields. These functions transform in a simple way under discrete 
E n+ i transformations and can be identified with non-holomorphic automorphic forms. In 
fact in most terms considered so far the functions transform trivially. 

The theory of automorphic forms is complicated and still emerging. Large classes of 
these objects can be constructed by specifying a particular representation of a group G 
along with a suitable subgroup H. In String Theory G can be identified with the duality 
group E n +i and H = I(E n+ i) with Cartan involution invariant subgroup (which is also 
the maximally compact subgroup) and the scalar fields are known to parameterise an 
E n+1 /I(E n+1 ) coset. 

An important problem in String Theory is to identify the relevant automorphic forms 
that arise in various dimensions as coefficients of the higher derivative terms. One might 
hope that there are some relatively simple organising principles that control which au- 
tomorphic forms appear. One of which is supersymmetry which relates various higher 
derivative terms of the same order in spacetime derivatives. Once a suitable automorphic 
form is known one can then in principle read off its perturbative and non-perturbative 
parts and hence deduce important information about the underlying quantum theory, such 
as non-renormalisation and instanton effects. These can then be checked against String 
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Theory calculations [17-36] and non-renormalisation theorems [37]. 

One important question is: which representations enter into the construction of the 
automorphic forms? We will investigate this problem in this paper by examining the E n+ i 
group structure of higher derivative terms in type IIB String theory and M-theory, after 
they have been dimensionally reduced to d dimensions. We will see that this will enable 
us to deduce constraints on the representations that appear for general higher derivative 
terms in (i-dimensions. Our results are very general and are consistent with conjectures 
and other results for special cases [27,35,36]. 

This paper is a continuation of the analysis found in [28,29]. In particular we will 
dimensionally reduce a generic higher derivative term of type IIB String Theory on an n- 
torus to d = 10 — n dimensions. When one does this one finds that each term in the d 
dimensional effective action contains a factor of the form e^ w for some vector w. The 
fields (f) are the diagonal components of the metric, which encode the volume and other 
radii moduli of the torus, as well as any scalar fields in the higher dimensional theory 
such as the dilaton. Carrying out this for the supergravity theory, that is the lowest 
energy terms, we find that the vectors w that appear are the roots of E n +\. Indeed, this 
provides the fastest way to see that there is very likely to be an E n+ i symmetry of the 
lower dimensional theory. In references [28,29] this was carried out for a generic higher 
derivative term of the effective action and one found not roots but weights of E n+1 . This 
in itself was evidence for an E n+ i symmetry in the higher derivative corrections to string 
theory and the appearance of weights rather than roots was interpreted as evidence for 
automorphic forms as they involve weights of E n+ i. In this paper we take this work to its 
natural conclusion and compute the weights that should appear in the automorphic forms. 

We carry out the calculation in a more streamlined manner than in references [28,29] 
and generalise to any dimension d > 3. We assemble the fields of the lower dimensional 
theory, that occur with spacetime derivatives, into representations of the <i-dimensional 
duality group E n+ i. We show that the higher derivative terms can be written as powers of 
the E n+ i covariant field strengths along with additional factors of the dilaton and volume 
which are the remnants of the above e^ w factors. We find that the left-over weight has a 
simple universal form for any term. For terms that arise at tree level in string perturbation 
in ten dimensions we find w = sA n+1 , where s = (It — 2)/4 with It counting the number of 
derivatives and A n+1 the fundamental weight dual to <5 n +i (see Figure 1). The observation 
of [29] is that these additional factors must come from an automorphic form and therefore 
we are led to conclude that the automorphic form which multiplies a given higher derivative 
term involves the weight A n+ . Moreover, for Eisenstein-like automorphic forms the leading 
order behaviour is given by e -^ a( t>- xH ( for example see [29,30]), where \ H is the highest 
weight of the representation used to construct the automorphic form. Thus our results 
suggest that the higher derivative terms always include an automorphic form built from a 
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representation with highest weight A n+1 . We also perform a similar analysis in M-theory 
and see that the weight is (using the same labeling of the E n+1 diagram), w = sA n_1 
with s = (It — 2)/6. However it is important to note that we are in effect considering a 
particular limit and other representations could also appear but be subdominant in that 
limit. 

The rest of this paper is organised as follows. In section 2 we perform our dimensional 
reduction analysis for type IIB string theory. In particular we perform a dimensional 
reduction with manifest SL(2) x SL(n) symmetry and show how this can be embedded 
into an E n+ i symmetry. We include a detailed discussion of our methods as well as a 
description of SL{2) x SL(n) and E n+ i coset constructions, including explicit examples. 
In section 3 we perform a similar analysis for the reduction of higher derivative terms of 
M-theory with a manifest SL(n) symmetry. As mentioned above this leads to different 
weights of E n+ i to that obtained in type IIB. In section 4 we conclude with a discussion 
of our results. We also include appendix A with a short review on the coset construction. 

2. Dimensional reduction of type IIB higher derivative 
terms 

In this section we will study the dimensional reduction of the higher derivative cor- 
rections of IIB string theory. Our methods follow those of section two of reference [28], 
suitably generalised for the reduction on an n torus to any dimension rather than the three 
dimensions considered there. Our metric compactification ansatz is given by 

ds 2 = e 2ap ds 2 + e 2pp G tJ (dx l + A^dx^){dx 3 + A^dx») , (2.1) 

where Gij has unit determinant and 

These values of a and (3 ensure that, provided one starts in D-dimensional Einstein frame, 
the resulting theory in d dimensions is in Einstein frame with a standard normalisation for 
the kinetic term of the scalar p which controls the volume of the torus. We have labeled 
the coordinates by (x M , x l ), /x = 0, 1, . . . , d — 1; % = d, . . . , D — 1. In the above equation 
Gij = e^eH^i and is a vielbein but subject to dete = 1. We adopt the convention 
that k, . . . are world indices and k, . . . are tangent indices. 

As is well-known, dimensionally reducing Einstein gravity on a torus leads to a theory 
that possesses an SL(n, R) symmetry. In particular, the degrees of freedom of gravity 
associated with the torus, apart from the graviphotons, enter the lower dimensional theory 
through a non-linear realization of SL(n, R) with local subgroup SO(n). The latter is the 
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Cartan involution invariant subgroup, i.e. I(SL(n)) = SO(n). This is to be expected as 
in the theory before the dimensional reduction the gravity degrees of freedom are in the 
non-linear realisation of ISL(D) with local subgroup SO(D). 

The non-linear realisation is discussed for an arbitrary group in Appendix A. Using 
the local subgroup we can bring the SL(n) group element to the form 

9sl n (U n ) = e^>° E ^ e ~M^ (2.3) 

where H_ forms the Cartan subalgebra, Eg_ are positive root generators (when a > 0) of 
SL(n, R) respectively and £ s / n collectively denotes the fields Xa and (f). In fact the terms 
which contain g s i n (Csi n ) alone are built out of the Cartan forms 

9sil d v9si n = Psl ni x + Qsi nf i , (2.4) 

where P s i n ^ and Q s i n n are symmetric and anti-symmetric in i and j respectively corre- 
sponding to the decomposition of the Cartan forms into those for SO(n), i.e. Q s i nf n and 
its compliment. 

In what follows we will construct the dimensionally reduced theory in such a way that 
its SL(n, R) symmetry is manifest. To begin with we wish to find an expression for the 
inverse vielbein making use of the discussion of non-linear realisations (see appendix A). 
Let us denote the the fundamental highest weights of SL(n) by A\ The representation with 
highest weight A 1 corresponds to the vector representation, with a single lowered index. 
We denote the states of this representation by \tf) >= > where // are the weights 

in the root string of A , which we denote by [A 1 ]. From this linear representation we can 
construct the non-linearly transforming representation using equation (A. 7) as follows 

MO >= >= L (^(0)IV> >= e^ S eZ*>o-x* E *\ip > , (2.5) 

and so we write 

<Pi = D(97l 1 n (tsl n ))Uj ■ (2.6) 

Under an SL(n) transformation this state transforms under a local SO(n) and we may 
identify the change from i/^ to <pi as the familiar conversion from world to tangent indices 
using the inverse vielbein. The matrix element of g^ 1 in the vector representation is 
therefore given by 

(e-V = ^i(60)/- (2-7) 

The right-hand end of equation (2.5) contains the factor e^- Thus we find that the 
inverse vielbein contains factors of e~ \ 

The dimensionally reduced theory will involve corrections that contain field strengths 
of the form J r Ml ... Atp i 1 ...i fe , where i\, . . .ik are worldvolume indices of the torus (there can 
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also be SL{2) indices which we address below). However, we can choose to work with 
tangent, rather than world, indices in the torus directions by using the inverse vielbein 
(e -1 )^. Following the same argument we just used above, this can be viewed as the 
conversion of the linear rank k antisymmetric representation of SL(n, R) into a non-linear 
representation of SL(n, H)/SO(n) whose indices rotate under SO(n). Thus we start from 
the linear representation ifc -f r ' Ml ... Mp i 1 ...i fc \h ■ ■ - ik, A fc > an d construct the non-linear 

realisation 



E ^! ( :.U...lJ^---^'A fc >=L(^(0) £ F, 1 ..., pil .., k \i 1 ...ikA k > ■ (2.8) 



~sl(n) 

H,...lk H,---lk 



We note that we have denoted the field strength with tangent indices by j^ s '( n ) _ _ . Its 

n 1 ...^ p i 1 ...i k 

dependence on the metric of the torus is obtained by acting with L(<7j z *(£)) on the states 
\ii . . .i k ,X k >. Therefore one finds that the fields <p associated with the Cartan subalgebra 



of SL(n, R) occur in j^ sZ(n ) _ _ through the factor e^- ^ K 

fj, 1 ...H P i 1 ...i k 

2.1 Review of SL(2) Formulation of type IIB Supergravity 

We can treat the ST (2, R) indices that arise in type IIB supergravity in a similar way. 
To illustrate this let us review in detail the SL(2) invariant form of the ten-dimensional 
type IIB supergravity. 

In ten dimensions the scalars belong to the non-linear realisation of SL(2, R) with 
local subgroup SO(2). The SL{2, R) group element can be brought to the form 



9sl 



Xr) = e Ex e~^ H , (2.9) 



where E and H are the positive root and Cartan subalgebra generators of SX(2, R) re- 
spectively. The scalars appear through the SL{2, R) Cartan form 

97ild»9sl 2 (T) = P S J 2 + Qt = -^d^H + dtfe+E. (2.10) 



Thus 





i , 
= — i= c 


1 M 




Qt 


= 



(E-F) 



(2.11) 



2 

Under a local transformation h = exp(9 ^ E ~^ F ' ), the Cartan forms transform as P M — >■ 
hP^h~ l and so P M i — > cosOP^i + sinOP^, P^2 — > cosOP^ — sinQP^. As a result we 
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find that the complex quantity P+ = (P M i + iP^) = — 2e^<9 M (— x + ie ^) transforms as 
P+ — >■ e* e P+. An invariant action for the scalars is then given by 



Sscalar = ~ I d}° X deteP" P+» 



~ J d 10 x dete(d^(j) + d^xd^xe 2 ^) (2.12) 



2 J (Imr) 2 ' 

where P^ = (P p )* and in the last line we have introduced r = — x + ie - ^; r undergoes 
fractional linear transformations under the action of 5P(2,R) on this coset. 

The IIB theory in ten dimensions contains a five- form field strength P Ml ... M5 , which 
is a singlet under SX(2,R). There are also two three-form field strengths F MlM2M3a = 
3<9[ m A M2At3 ] a , a = 1,2 which transform as the linear doublet representation of SX(2,R). 
We can form the non-linear realisation by acting with L(gf^), on this representation; we 
find, using equation (A. 7), the corresponding non-linear representation; 

Fjl% 2 » 3 a\a, V >= L{g- l \{r))F IJbl ... IJbza \a, n > , (2.13) 

where |1, fi >= \ix > and |2, fx >= | — \x > with \i = -4= being the fundamental representa- 
tion of SL(2, R). Viewing J r ^ tX2fJ , 3a as a column vector we find that 

\ e zF 2 ^ vp J 

which now only transform sunder the local subgroup SO (2). Introducing the complex 
quantity T^ vp this transformation becomes 

^tv P = Fi^p + iFi»v P = ^ ( f i^p + tF 2 ^ p ) ->■ e* e T+ vp . (2.15) 
A manifestly SL{2, R) invariant action is given by 

5 2 /orm = | A deteJ-+ M2/i3 J--, 2 , 3 = | d 10 x dete(e^(F 1 - X P 2 ) 2 + e"^P 2 2 ) , (2.16) 

where J-- M2M3 = (F+ M2M3 )*. 

Including the standard Einstein-Hilbert term and a kinetic term for the 5-form field 
strength we arrive at the Bosonic part of the type IIB action 

Siib = J ^dete(P-P;P^-^J-+ M2At3 ^^^-__i_^ i ^ 5 F^). (2.17) 
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Note that the five-form field strength equation of motion must be supplemented by a self- 
duality constraint and -F Ml ... M5 = F Ml ... Ms up to terms involving the 2-forms. Making the 
transition to string frame e^ u = e~i (eg)^, the type IIB effective action becomes 



S IIB = J d 10 x det(e s )( e -^R - \e~^d^d^ - \d^X 



<Fi ~ XF2) 2 - ^e- 2 ^Fi - ^..^-«) • 



2-3! v ' 2.3! z 2-5!' 

(2.18) 

We note from the factors of that occur that Fi^^^, P M 2, X an d F^,,,^ are in the 
R-R sector and g^, 0, P M i and F 2fllfl2fl3 in the NS-NS sector. 

Let us now consider higher derivative terms. It will be useful for what follows to use a 
hat to denote a ten-dimensional quantity and suppress any spacetime indices. The higher 
derivative corrections in the IIB theory in ten dimensions can be written as a polynomial 
in the Riemann tensor R, P sl2 , rank three field strength J 7 ^ and rank five field strength 
F 5 with coefficients that are SL(2) automorphic forms. The generic term has the form 

J Adet(ey^(P^ (2.19) 

where $ s ; 2 is a suitable automorphic form. As is well know the higher order corrections 
involve instantons and other solitonic objects and due to the quantisation conditions on 
the charges only the SL(2, Z) part of the SL(2, R) symmetry survives. The automorphic 
form depends on r that is (p and x- We will be mainly interested in the dependence 
and we denote the leading dependence of $ s ^2 on 4> by $ s ^ 2 ~ e~ s< ^. 

It will be instructive to compute the dependence of the above ten dimensional 
higher derivative correction in string frame. The transition from Einstein frame to string 
frame is given by e = e~~e s . We find that the above term leads to the factor 



e |(/o+«R+/i+5/ , 1 +« 3 +5/3-|-5^-10-4s) _ (2.20) 

Note that we have used a prime to denote contributions from R-R fields. At order g 
in perturbation theory we have the contribution e^ 2s ~ 2 ) and so we conclude that for a 
perturbative contribution 

s = \ (lo + Ir + h + 5/i + h + 5/1 + 51' 5 - 2 - 8g) . (2.21) 
2.2 Reduction of Higher Derivative Type IIB Terms 

In this paper we are interested in the dimensional reduction of ten dimensional higher 
derivative corrections of IIB string theory, that is terms as given in equation (2.19), on an 
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n torus to d = 10 — n dimensions. As explained above, by working with the non-linear 
realisations we can formulate the result with a manifestly SL(2) <g> SL(n) symmetry. The 
resulting building blocks in d dimensions are the Riemann tensor R which is a SL(2) ® 
SL(n) singlet, the derivatives of the scalars which belong to the Cartan forms of SL(2) <g> 
SL(n), P s i 2 ®si n and objects which are non-linear representations of SL(2) ® SL(n). As 
mentioned above the latter arise if one works with "tangent space" quantities. These 
objects generically denoted by J 7 are related to the usual field strengths, which transform 
linearly under SL(2)®SL(n), to the non-linearly realised objects F, by the generic equation 

\J-sl 2 ®sl n >— H9si 2 ®slJ\* >= e ^ ~ e \* > ■ [2.22) 

These J 7 transform by field dependent SO(n) <g> 5(9(2) transformations and so it is easy 
to construct invariants using the Kronecker delta symbol. The Q s i 2 <&si n component of the 
Cartan forms only enters when we find derivatives of the above objects where it plays the 
role of a connection. 

We are particularly interested of the dependence in the dimensionally reduced action 
on the scalars 0, p and 4> which we assemble into the n + 1-vector 

0=(0,p,0). (2.23) 

The dependence on 4> and 0, which are the Cartan fields associated with SL(2) ® SL(n), 
occurs only inside the objects J z s i 2 i^ s i n - The exception is the cj> dependence that arises 
from the ten dimensional automorphic form & s i 2 . The dependence on p arises from the 
dimensional reduction of the vielbeins using the metric ansatz of equation (2.1) as was 
described in references [28,29]. The det e factor in the action leads to a factor of e ( -~ da+nl3 ^ p = 
e 2ap while J 7 , „ , - - leads to the factor e~ p<yVa+k ^ . To give a concrete example 

sl 2 ®sl n fl 1 .../j, p l 1 ...l k & r 

with / factors of the latter field strength we find the generic term 
J d w x detect J 1 ^ J2 /^dete(^ 2 ^ m ...^ i ..- fc ) z e^^)^. (2.24) 

p+k=q 

The powers of e p associated with any other terms are also easily calculated. 

The dimensional reduction of any term in the effective action of equation (2.17) leads 
to terms that contain the derivative of scalars, vierbein and gauge fields multiplied by 
factors of the form e^ w for some n + 1-vector w: 

w = (w, k, w) . (2.25) 

The first and third entries w and w arise from the behaviour of the fields under the 
SL{2, R) <S> SL(n) and can be read off from the action of g s i 2 ®si n on the linearly realised 
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representation using equation (2.22). The second entry simply records the powers of e v ^ p 
that arise after dimensional reduction as just discussed. 

For every factor of -P^[ 2 M2At3 that occurs one finds a corresponding factor of e^2^\ 
where [/x] = {^75, — are the weights that appear in the fundamental representation of 

SL(2, R). In particular the NS-NS and R-R field strengths come with the factors and 
e"2 respectively most easily read off from equation (2.14). 

In what follows it will be advantageous to also consider the dual version of certain 
fields. Let us consider a two-derivative term in the low energy effective action of the form 

/ ^dete(^ 28 ^ Mi ... Mp - i ..- fe ) 2 e^- 2 ^+^ p , (2.26) 

where J- S i 2 ® s l n = 97il® a i F, F = dA. We can introduce the dual field strength 
T D . _ , t t defined by T® U6t .<\ = 97^ «i dA D where p + q = d and k + s = n. 

sl 2 ®sl n pi...[l q l 1 ...l s J SI 2 (X)SI„ JSl2<i9Sl n r 1 

We then impose the Bianchi identity of F = dA by adding to the action the term 



/ 



fjd ii\...ii p vi...v q ^ti...ikji—ia p _ _ jpD 

sl 2 ^sl n ^ 1 ...p p i 1 ...i k sl 2 ®sl n i/i...v q j 1 ...j s 

(2.27) 



— / in...n P v-i...v q i 1 ...i k j 1 ...i a 77 



-pD 

p, 1 ...fi p i 1 ...i k sl 2 ®sl n v 1 ...v> q j 1 ...j s 



where F D = dA D and in the second line with have used the fact that det(g s i 2 ® s i n ) = 1. 
Note that if T s l 2 ®sl n and F® 2(g)sln have SL(2) indices then an additional factor of e ab is 
needed in (2.27). 

We can now view J- S i 2 ®sl n as an unconstrained field and integrate it out. Taking its 
equation of motion implies that 

jr _ _ ^ i 1 ...i k j 1 ...i s u 1 ...p, p v 1 ...v q -pD _ _ 2(-a+(pa>+k/3))p /q OR) 

sl 2 ®sl n n 1 ...n P i 1 ...i k ' sl 2 ®sl n v 1 ...v q j 1 ...j s ^ ' > 

We will assume that we can use this lowest order dualisation equation in the higher 
order corrections. Therefore, for each factor of J 7 , „ , - - we find in the higher 

derivative terms 

jr _ _ e -(pa+fc/3)p ^ -pD _ _ e -2o i +{pc i +kp)p 

sl 2 ®sl n p 1 ...p, p i 1 ...i k sl 2 ®sl n v 1 ..M q j 1 ...j a , . 

-pD _ _ e -( qa +s/3)p \ ■ > 

sl 2 (g>sl n is 1 ...v q j 1 ...j s 



In the last step used equation (2.2). Hence, we get the same result if we use the original 
field or we use the dual field provided we take into account the correct number of indices. 
The reader may check this in specific cases including that of the graviphoton which first 
appears when reducing the Riemann tensor with a field strength that carries a single upper 
i index. 
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It is rather pleasing to compute the vectors w that arise when dimensionally reducing 
the IIB supergravity theory of equation (2.17) and show that one finds the weights of E n+1 . 

2.3 The E n+ \ symmetry in d dimensions 

As discussed in the last section the dimensional reduction of the IIB theory including 
its higher derivative corrections, on an n torus leads to a formulation in which the SL{2) ® 
SL(n) symmetry is manifest. However, the IIB supergravity theory when dimensionally 
reduced to d = 10 — n dimensions actually possess an E n+ i symmetry, of which a discrete 
subgroup is preserved in the quantum theory. Evidence for this conjecture has been obtain 
in a variety of works such as [17-36]. The Dynkin diagram of E n+1 suited to the IIB theory 
is given by 

• « n+ i 

• • — • — • — • 

ai a n _ 4 a n -3 a n - 2 a n -i 

Fig 1: Dynkin diagram for E n+1 in type IIB labelling 

The relevant SL(2) cg> SL(n) subalgebra of E n+ i is found by deleting the node labeled 
n in the Dynkin diagram of Figure 1. The SL(2) factor is just the SL(2) symmetry of the 
IIB supergravity theory and arises from the node labeled n + 1, while the SL(n) symmetry 
is part of the gravity symmetry of the ten dimensional theory that now belongs to the 
torus and corresponds to the nodes labeled 1 to n — 1. 

These features are particularly apparent when one considers the En formulation of 
the IIB theory [38,39]. The E n+ i Dynkin diagram emerges from the En Dynkin diagram, 
given just below, by deleting the node d to find the algebra SL(d) ® E n+ \. 

• an 

di «2 di dg <3g 

Fig 2: Dynkin diagram for En 

The nodes labeled 1 to 9 of the En Dynkin diagram are called the gravity line as 
they are associated with ten dimensional gravity. After the deletion of the node d, this 



11 



line gives rise to SL(d) ® SL(n) which is associated with gravity in d dimensions and the 
SL(n) of the now internal E n+ i symmetry. 

As already mentioned if one computes the weights w that arise from the dimensional 
reduction of the IIB supergravity theory using the techniques given in the last section 
one readily finds that they are the weights of E n +i. While this is a strong indication of 
an underlying E n +i symmetry the detailed dimensional reduction is required to prove the 
existence of this symmetry in d dimensions. In this process one finds that the 57(2)(g>57(n) 
representations that the fields belong to collect up to form a representation of E n +i. In 
this paper it will be essential to understand how the representations of E n+ \ that occur 
decompose into representations of SL(2) <g> SL(n) as this will allow us to compare the 
E n+ i formulation of the higher derivative corrections with that arising from dimensional 
reduction from ten dimensions. It is from this comparison that we will be able to deduce 
some properties of the automorphic form in d dimensions. The review [40] on U-duality 
discusses E n+ i representations but here we will need the explicit form for the weights. 



d 


E n +i 


I(E n+1 ) 


F 2 


F 3 


F 4 


7^5 


10 


SL(2) 


SO{2) 




2 




1 


8 


57(3) x SL(2) 


50(3) x 50(2) 


(3,2) 


(3,1) 


(1,2) 




7 


57(5) 


50(5) 


fo 


5 


5 




6 


50(5,5) 


50(5) x 50(5) 


16 


10 






5 


Eq 


USP(8) 


27 








4 


E 7 


5*7(8) 


56 








3 


E 8 


50(16) 











Table 1: E n+ i , I(E n+ i) and representation of the Field Strengths 



The scalars, denoted £e, in d dimensions belong to a non-linear realisation of E n+1 
with local subgroup I(E n+ i) where 1(G) denotes the Cartan involution invariant subgroup 
of G. These local subgroups are given in Table 1. Following the discussion of non-linear 
realisations given in appendix A we find the transformations of equation (A. 6). Given a 
group element Qe(£e) of E n+1 we can use the local transformation I(E n+ i) to cast it in 
the form 

9e(£e) = e^«>° E ^ e ~^J- n (2.28) 

— * 

where E$ are the positive root and H the Cartan subalgebra generators of E n+ i. The 

— * 

fields <p and xa are the scalar fields of the theory which we have denoted collectively 
by £e- The dynamics of the scalars are constructed, as usual, out of the Cartan form 
9e 1( ^9e = Pe + Qe, where Qe lies in the Lie-algebra of I(E n+ i). 
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The gauge fields transforms as linear representations of E n+ i; their representations 
are given in Table 1. Note that care must be taken for d/2-form field strengths as these 
generally only fill out E n+1 representations if their electromagnetic duals are also included. 
However, it is desirable to use the scalar fields £e to convert the fields strengths Fe which 
belong to linear realisations of E n+ i, into tensors denoted Ts which transform non-linear ly 
under E n+ i, using equation (A. 8). We may write the relation in the generic form 

\F E >=L(g E 1 (i E ))\FE> ■ (2.29) 
Under an E n+1 transformation these change as 

\T E >^L{hT x )\J= E > , (2.30) 

where h G I(E n+1 ). We can write Qe^e) = 9si 2 ®si n (€sh®si n )g' where g' contains the 
Cartan and positive root generators of E n+ i which are outside SL{2) ® SL(n). Therefore 
we can write 

\T E > = L{g^ E ))\F > 

= L(tf)- 1 L( S £ 9a J(U*ai n )\F> 

= ^L((,r 1 )i^ ( riL„> (2 - 31) 

(m,A) 



Hence the E n +\ non-linear realisations Te that appear in the E n +i formulation of the 
theory can be written as L(((7') _1 ) acting on the non-linear realisations Fg^gisi • The 
superscript (//, A) are the highest weights of the different SL(2) <g> SL(n) representations 
that arise in the decomposition of the linear representation F, that is F = J2(n a) ^sh®sl n - 
We will primarily be interested in the scalar fields associated with the Cartan subalge- 
bra of E n+1 . The subalgebra SL(n) ® SL(2) has n such fields <j> and which are associated 
with the nodes 1 . . . , n — 1 and node n + 1 of the E n+1 Dynkin diagram respectively. The 
remaining Cartan field in E n+ \ is p and this is associated with the deleted noded, that is 
the node n. Restricting g to the Cartan sub-algebra, denoted g c = e~^^' H we find that 

L(g- 1 )\\> = e + ^ U \\> 

= e 7f W^e + ^5-^e + ^5 (X) " +1< ^|A > (2.32) 
= e^ p L(g 7l l 0sl J\\>, 

when acting on a state in a representation of E n+ i with weight A. Here (A) n is the nth 

— * 

component of A. We are interested in comparing the E n+ i formulation of the higher 
derivative corrections in d dimensions with those obtained by dimensional reduction from 
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ten dimensions, both of which can be written in terms of non-linear realisation of SL(2) <g> 
SL(n) symmetry, i.e. in terms of J~^® s i n - Consequently, it is the difference which is 

of most interest, namely the e~^ X)nP factors. In the E n+ i formulation these arise by 
decomposing the E n+ i building blocks T as in equation (2.31) and then using equation 
(2.32) while in the dimensional reduction they arise from the metric ansatz of equation 
(2.1). 

We assume that the higher derivative corrections to the IIB theory are invariant 
under a discrete E n+ i symmetry. The fields transform in the same way as for the IIB 
supergravity theory in d dimensions, but under the discrete group. The terms in the d 
dimensional effective action will be of the generic form 

J d d xdeted l °R^ P l i{TE^) h {TE^ 2 ) l2 ^E • • • , (2.33) 

where -Fe Mi ,... are the E n+ i non-linear realisations constructed in equation (2.31) and 
$e is function of the scalars £ which transforms under the discrete symmetry as 

§e -> D(h- l )$ E , (2.34) 

for h G I(E n+ i) and D(h) being in the representation that $g belongs to. However, has 
a non-holomorphic dependence on the scalars and we will refer to it as a non-holomorphic 
automorphic form. 

A formulation of automorphic forms which transform as in equation (2.34) was given in 
reference [29] . To construct such a non-holomorphic automorphic form for a discrete group 
G one chooses a linear representation of G denoted \ip > and considers \cp >= L(g~ 1 )\i/j > 
where g(£) is an element of G that is subject to the transformations of equation (A. 2), that 
is it is a non-linear realisation and \ip > is the non-linear realisation constructed from \ip > 
using equation (A. 8). The automorphic form is a suitable function of tp. The simplest case 
is that of a scalar automorphic form that is given by 

$ = Y p . (2.35) 

For our case G = E n+ \ and £ are the scalar fields of the theory, include those associated 
with Cartan subalgebra which we have labeled by = (0, p, 0). To leading order the 
automorphic form will have a dependence on these scalars which we denote by 

where A$ a weight of the representation. For the automorphic form of equation (2.35) 
$ ~ g-v^sAif-^ w h ere \ H j s highest weight of the represenation used to build the 
automorphic form. 
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In this paper we will want to compare the terms in the effective action of equation 
(2.33) in their E n+ i formulation with those obtained from the dimensional reduction of 
the higher derivative terms in ten dimensions given in equation (2.19). This will allow us 
to place restrictions on the automorphic form in d dimensions and in particular the 
weights A^ that can appear in it. For almost all terms this will require the decomposition 
of the E n+ i representations that occur into SL(2) <g> SL(n) representations. 

The simplest examples are terms in the effective action of equation (2.33) that only 
involve powers of the the Riemann tensor in d dimensions since the Riemann tensor is a 
singlet of E n+ i. This contribution comes from the dimensional reduction of the similar 
term in ten dimensions, namely that of equation (2.19) with only Ir = Ir non vanishing. 
Since the Riemann tensor, in tangent frame, possess two powers of the inverse vierbein we 
find a factor of e~ 2ap for each Riemann tensor and a factor of e 2ap from det e. From the 
automorphic form in ten dimensions we find, at leading order, a factor of e~ S( ^. Thus from 
dimensional reduction we find in d dimensions the term 

J d d xdeteR l ^-$ E e- s,i, -( lR - 2)ap . (2.37) 

Comparing this with the -En+i formulation in d dimensions which is of the form 
/ d d x det eR~^&E we see that the additional factor of <fi and p must arise from the auto- 
morphic form <&e an d so we find that, 

From equation (2.21) we have s = \{Ir — 2 — 8g) and taking the leading contribution at 
g = we conclude that A$ = \{Ir — 2)A n+1 where A n+1 = (4^,^,0) and we have used 

the relation x~ x = Ay/2a. Thus the automorphic form has the leading order behaviour 
$ ~ e -v / 2^(iR-2)A + jj ence f or terms which contain only the Riemann curvature it is 
straight forward to to compute the leading behaviour of the automorphic form. In what 
follows we will carry out this calculation for all possible terms, but as we will see this 
involves some much more sophisticated group theory. 

In order to study the remaining terms. We consider the possible building blocks that 
arise in the dimensional reduction from ten dimensions and compare these with those 
in the E n+ i formulation. As we have explained above the latter can be expressed in 
terms of non-linear realisations of SL(2) <g> SL(ri) which agree with the same objects found 
from dimensional reduction. The difference arises from the p dependence. To find this 
difference we must decompose the representations of E n+1 into those of SL(2) ® SL(n). 
We do this following the techniques [41-43] developed for the study of the En symmetry. 
As mentioned above, deleting the node n in the Dynkin diagram of E n+ i results in the 



(2.38) 
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algebras SL(2) <g> SL(n). We may write the simple roots of E n+1 as 

«n+i = C#i,0, 0), a n = (0,x,0) - z7, di = (0, 0,aj), z = 1, . . . ,n - 1 , (2.39) 

where z7 = (jUi, 0, 0) + (0, 0, A n_2 ). Also, the a { and A 1 are the simple roots and fundamental 
weights of SL(n) and f3\ = \f2 and /j = A= the simple root and fundamental weight of 

SL(2). Demanding that a 2 = 2 we find that x = = (4^ 



The fundamental weights of E n+ i, denoted A a ,a = 1, . . . , n + 1, satisfy ck • A 6 = 
and are given by 

X = (0, -A n ~ 2 • A', A*), A n = (0, 1,0), A" +1 = (//, * 0) . (2.40) 
Any root of E n+ i can be written as 

a = n c a n + mfii + n^cJi = n c (0, x, 0) — A , (2-41) 

i 

where A = n c V — ni(0, 0, aj — m(/?i, 0, 0). The latter is a weight of SL{2) <g>SL(n). If a 
representation of SL(2) ®SL(n) occurs in the decomposition of the adjoint representation 
of E n+ i its highest weight must occur as one of the A's for some positive integers m, rii and 
n c . We refer to the integer n c as the level and we can analyse the occurrence of highest 
weights level by level using the techniques of references [41-43]. Clearly, at level zero i.e 
n c = we have just the adjoint representation of SL(2) ® SL(n). The result is that the 
adjoint representation of E n+ i contains the adjoint representation of SL{2) ® SL(n) at 
n c = together with the following highest weight representations of SL{2) ® SL(n) 



n c = 1 n c = 2 n c = 3 n c = 4 
(^,A 2 ) (0,A 4 ) (^,A 6 ) (O^+A"-') 



2^ fc\ ^4^ /.. ^ / n \l i \n-7\ • (2.42) 



Thus the weights in the adjoint representation of E n+ i then have the from 

([ft], 0,0) ,(0,0,[o 1 + ... + o ni ]) , ([pi],*, [A 1 ]) , 
(0,2x,[A 4 ]) , ([^i],3x,[A 6 ]) ,(0,4x,[A 1 + A"- 7 ]) . 

These correspond to the adjoint of SL(2) <g> SL(n) at n c = as well as the generators 

n c = 1 n c = 2 n c = 3 n c = 4 , . 

The maximum value of n c that contributes isn c = 1, 2, 2, 3, 4 for n = 3,4,5,6,7 respectively 
as is clear from the index structures of the generators. The reader may verify that once 
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the additional negative root generators are included this collection of generators has the 
correct count of generators for E n+1 for n = 3, . . . , 7. 

The Cartan forms of E n+ i belong to the adjoint representation and so using equation 
(2.43) we find that the coset component Pecl decomposes into the Cartan forms P s i n ® s i 2f i 
of SL{2) <g> SL(n) at n c = and 

n c = l n c = 2 n c = 3 n c = 4 . , 

P , P , P P , ' l z -^°J 

1 sl 2 ®sl n p,aij 1 sl 2 ®sl n pi 1 ...i4 1 nct,i 1 ...i6 1 sl 2 ®sl n nji...j 7 i 

The Cartan form contains the factor e^^", contained in the g -1 part of g~ 1 d fl g, and so 
using equation (2.43) we find that the level n c contribution comes with the factor 

The ten dimensional origin of the first two terms of equation (2.44) is obvious given 
their index structure and they are contained in the blocks J- S i 2 ®sl n anij an d F s i 2 ®si n fii 1 ...i 4 
respectively that come from the dimensional reduction of the three form and five form 
field strengths respectively. The fourth term of equation (2.44) only occurs for d = 3 and 
d = 4 and in these dimensions it arises as the dual of the three from field strength, more 
precisely the dual of F s l 2 ®sl n aVl u 2 u 3 and F s i 2 ® s l n aviV2 i respectively. Alternatively, one 
can think of the fourth term as arising from the dimensional reduction of the field strength 
J z s i2oiv 1 ...v 7 - The final term in equation (2.44) only occurs in d = 3 dimensions, that is for 
Es, and it arises as the dual of the graviphoton d^hbf. At the end of section three we 
showed that calculating the powers e p from the original field, or its dual, gave the same 
result. As such we will calculate it from the Cartan forms of equation (2.45). We observe 
that these carry one d dimensional spacetime index and 2n c internal indices and according 
to the discussion around equation (2.24) we find a factor of 

e -p(a+2n c f3) _ e 2apn c ^^ e -ap ^ (2.47) 

for each contribution. 

Thus for each factor of the Cartan form Pe^ in the d dimensional effective action we 
find an additional factor of e~ ap in the dimensionally reduced action compared to the E n + \ 
formulation. This result, taken together with the previous result for factors of the Riemann 
tensor, is consistent with the rule that for each spacetime derivative in d dimensions we 
get an additional factor of e~ ap . 

To treat the other building blocks in the same way we must learn how to decompose 
more general representations of E n+1 into those of SL(2) <g> SL(n). To do this we use the 
technique of reference [44,45]. If one wants to consider the fundamental representation A* 
of E n+ i associated with the node labeled i we add a new node, denoted *, to the E n+ i 
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Dynkin diagram which is connected to the node labeled i by a single line to construct the 
Dynkin diagram for an enlarged algebra of rank n + 2. Deleting the ★-node we recover 

— * . 

the E n+ i Dynkin diagram and the A* of E n+ i is found in the adjoint representation of the 
enlarged algebra provided we keep only contributions at level n* = 1. Thus we find the 
decomposition of the fundamental representation of E n+ i into representations of SL(2) ® 
SL(n) by decomposing the adjoint representation of the enlarged algebra but deleting 
the additional node and keeping only contributions with n* = 1 and deleting node n 
but keeping all levels of n c . The level one states are a representation as the commutator 
preserves the level and so the commutator of the level zero generators , that is the adjoint 
representation of E n+ i, with the level one states give again level one states. It is the desired 
representation since the lowest state contains A\ For the details see reference [44,45]. 

— * . 

The weights of the A 1 representation of E n+ i can be written in the form 

(V],n c z-^- 2 -A\[A]) , (2-48) 

except for i = n for which it is of the form ([/z], n c x — ^, [A]) Here (/z, A) is the highest 
weight of the SL(2) <g> SL(n) representation that occurs. We note that z7 • \ l = 2k for 
% < n - 2, V ■ A™" 1 = tH-V and V ■ X n+1 = ±. 

Next we will treat the two form field strengths in the d dimensional effective action in 
a similar way. The one form gauge field, from which they are constructed, belong to the 
A 1 representation of E n+1 . The A 1 representation of E n+1 decomposes into SL(2)®SL(n) 
representations as follows 

n c = n c = 1 n c = 2 n c = 3 n c = 4 n c = 4 n c = 4 

(CA 1 ) (^A"" 1 ) (0,A^ 3 ) (^,A- 5 ) (2^, A n ~ 7 ) {^\ n - 7 ) ((U^ + A- 6 ) 

n c = 5 n c = 6 n c = 7 n c = 8 

G",A n - 2 + A n - 7 ) (0,A n - 4 + A n - 7 ) Gu,A n - 6 + A n - 7 ) (0, A n_1 + 2A n ~ 7 ) " 

(2.49) 

The reader may verify that one finds the correct dimensions of the A representation, that 
is 16, 27, 56 and 248 for n = 4, 5, 6 and 7. The weights of the A representation are given 
by 

(0, ^ [A 1 ]) , ([Mi], ^~x, [A"" 1 ]) , (0, A _ 2x, [A n ~ 3 ]) , ([^], A - 3x, [A n ~ 5 ]) , 
(2[^], A - 4x, [A"" 7 ]) , (0, A _ 4x, [A"" 7 ]) , (0, A - 4x, [A 1 ] + [A^ 6 ]) , 

([Mi], — " 5x, [A n " 2 + A- 7 ]) , (0, A _ [A n ~ 4 + A n ~ 7 ]) , 
nx nx 

([ m ], A _ 7x , [A n ~ 6 + A n ~ 7 ]) , ([mi], A _ 8x, [A 1 + 2A- 7 ]) (2.50) 
nx nx 
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These correspond to two form field strengths take the form 



n c = n c = 1 n c = 2 n c = 3 n c = 4 n c = 4 n c = 4 

•^juiOj J'afJ, 1 a 2 i J~ >ia 2 iii2*3 J'afi 1 a 2 ii...i 5 J'fi 1 a 2 j,i 1 ...i 6 J'fi 1 a 2 (a/3),i 1 ...i 7 J'fi 1 a 2 i 1 ...i 7 

(2.51) 

as well as higher level contributions. Since a two form field strength is dual to a one form 
field strength in three dimensions we only study two form field strengths in dimensions 
four and above. This corresponds to n < 6 and so of the above field strengths we only 
need those at levels n c = 3 and the first term in the above equation at level n c = 4. 

We recognise the two form field strengths of equation (2.51) as the dimensional re- 
duction of the metric, i.e. the graviphoton, the three form, the five form for the first three 
entries. The fourth entry arises from the dual of the three form in d = 4 and d = 5 while 
the only required level four field strength is the dual of the graviphoton. 

Decomposing the rank two field strength in their E n+ i representation, using equations 
(2.29) and (2.32), we find the factor 



for each rank two field strength at level n c . We observe that the above field strengths have 
two (/-dimensional spacetime indices and 2n c — 1 internal indices and so the factor of e p 
that appears when carrying out the dimensional reduction from ten dimensions is 

e -p(2a+(2n c -l)/3) _ e ^(-4+n c (8-n))p e -ap _ ( 2 _ 53 j 

Evaluating this and comparing with the factor in equation (2.52) we find an additional 
factor of e~ ap for each rank two field strength. 

We now carry out the same analysis for the rank three field strengths. We need only 
consider these field strengths in dimensions d > 6, since in a lower dimension a rank three 
field strength is dual to a lower rank field strength. This is equivalent to n < 4. The rank 
three field strength belong to the A n+1 representation of E n+ \. One finds that the weights 
in the A n+1 representation of E n+1 have the form 

h- ] ' (0 ' h _ [An " 2]) ' (H ' h _ 2x ' [ -~ 7]) ' 

(0, ^ - 3z, [A n_1 ] + [A n ~ 5 ]) , (0, ^ - 3x, [A n ~ 6 ]) , ([ft], ±- - 3x, [A n ~ 6 ]) , 

([a*i], y x ~ 4x ' [An_1 + An " 7]) ' h ~ 4x ' [An " 6 + An " 2]) ' 

(0, ^ - 5s, [A"" 4 + A"" 6 ]) , (0, 1- - 5s, [A"- 1 + A n_2 + A n_7 ]) , 
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([ft],i--5s,[A"- 3 + A n - 7 ]) , 
([A»i], ^ - 6x, [A n ~ 5 + A n ~ 7 ]) , ([^], i- - 6x, [2A- 6 ]) , 

M, y x ~ 6x ' t^" 1 + ^ n " 4 + ^ n " 4 ]) ' • • • • ( 2 - 54 ) 

The reader may like to verify that one has the correct count of states for the 5,10,27, and 
133-dimensional representations of SL(5), 50(5,5), Eq and £7 respectively. For the first 
few entries many contributions vanish as one has too many antisymmetrised indices. To 
find the 3875 dimensional representation of E 8 one must go further in the analysis. 
The factor of e p associated with the term at n c is 

e "75 (^ ±1 -" C x)p = e _2a ( n -2n c (8-n))p _ 

The corresponding field strengths carry three d dimensional spacetime indices and 2n c 
internal indices and so we find in the dimensionally reduced theory a factor of 

e -p(3a+(2n c )/3) = g - ^ (3n-2n c (8-n)) _ (2.56) 

Consequently for every rank three field strength we find an additional factor of e~ ap in the 
dimensionally reduced theory. The same conclusion holds for the rank four field strengths. 

Since one finds the same additional factor no matter what field strength one considers 
the above can be summarised as follows, for every derivative we find an additional factor 
of e~ ap in the dimensionally reduced theory. One also finds in the dimensionally reduced 
theory a e~ s< ^ coming from the ten dimensional SL{2) automorphic form. Consequently, 
the excess in the dimensionally reduced theory compared to that found in the E n+ i for- 
mulation of equation (2.55), but not taking into account the contribution of the E n+ i 
automorphic form in d dimensions in the latter formulation, is given by 

where It = Ir + h + l[ + I3 + I3 + h- The —2 part arises from the det e. This excess can 
only come from the E n+ i automorphic form. Demanding that all the weights arising from 
dimensional reduction of the ten dimensional theory appear in the E n+ i formulation in d 
dimensions we conclude that 

X. = ( 4 --^,0] = (h^l + { l RR - 2 9) ) A"+> 4- ( ^-dSE] %. , (2 .58) 



V2' -J2 

where Irr = l[ + l' 3 + h counts the number of RR fields 
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Let us consider higher derivative terms constructed only out of NS-NS fields, so that 
Irr = 0. Suppose also that we look at terms which have a tree level, (7 = 0, contribution in 
ten-dimensions. In this case we find the automorphic form in d dimensions has the leading 
order behaviour ~ e v 3 A . This strongly suggests that it is built from the 
E n+ i representation with highest weight A n+1 . This is the representation that the string 
charges of the d dimensional theory belong to. 

The SX(2, Z) Eisenstein automorphic form in ten dimensions contains two perturba- 
tive terms with dilaton dependence e~ s< ^ and e^ s ~ 1 ^. If the first term possesses a value of 
s that leads to a tree level contribution then the second term leads to a genus g = s — 1/2 
contribution. Above we considered the effect of dimensionally reducing the tree level 
contribution, but one can also consider the second contribution. One finds, substituting 
g = s — 1/2 into (2.58), that the weight vector is 

A* = (1 - s)X n+1 + {s- l/2)A n = s\ n+1 - (s - l/2)a n+1 . (2.59) 

However the first two terms in the perturbative contribution of the Eisenstein-like E n+1 
automorphic form in d dimensions constructed using the A n+1 representation are of the 
generic form [30] 

® E ~ E ie -^ sX " +1 + E2e -V2(s\^-(s-l/2)a n+1 ) ^ (2 _ 6Q) 

where E\ and E2 are constants. It is pleasing to see that the second term of the auto- 
morphic form in ten dimensions leads to the correct second term in the E n+ i automorphic 
form in d dimensions. 

We note that a similar calculation for dimensional reduction of type IIA string theory 
on an n-torus leads to the same results as the the type IIB reduction considered here [46] . 

3. M-Theory 

Let us now perform a similar analysis for the dimensional reduction of higher derivative 
terms of M-theory. Note that to compare with the previous section one must make the 
substitution n — > n + 1. In addition the values of a and x in this section are different to 
those of section 2. 

The Bosonic field content of M-theory consists of the graviton with curvature R and a 
three form gauge field A^p out of which the four form field strength F^ps is constructed. 
At lowest order in derivatives the low energy effective action may be written 

J d 11 xdete(R-^F 2 + ..)j . (3.1) 
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where the ellipsis denote Fermion terms as well as a Chern-Simons-type term for A. A 
generic higher derivative correction in the d = 11 low energy effective action of M-theory 
may be written, 

J <Pxdete(0)'°£^F f4 . (3.2) 

M-theory, dimensionally reduced on an n-torus, possesses an E n symmetry in d = 11 — 
n dimensions and shares the same manifest SL(n) symmetry through the non-linearly 
realised field strengths and the Cartan forms in d dimensions as the type IIB theory. 
However, no dilatonic scalar is present in d = 11 dimensions. Upon dimensional reduction, 
a higher derivative term will pick up a dependence on the n diagonal components of 
the metric on the n-torus p and <j>. We observe that the higher derivative terms in the 
dimensionally reduced formulation carry a factor of e^ w -^ where the n vectors w and (p 
recording the dilatonic scalar field content and their associated weights are defined as 

i = {p, 0) , 

w = (k, w) . 

The general term in the E n formulation in d dimensions is a polynomial in the non-linearly 
realised field strengths J 7 , Cartan forms P and curvature R multiplied by an automorphic 
form $e constructed out of some representation of E n 

J d^deted^R^P^TE^^^E^sy^E .... (3.4) 

We will again determine the representation out of which the E n automorphic form is 
constructed in d dimensions by comparing the dimensionally reduced formulation, with 
manifest SL(n) symmetry, to that of the E n formulation. The Dynkin diagram for M- 
theory is (note that here we use a different labeling for the nodes and hence the roots and 
weights are also labeled differently than in section 2) 

• • — • — • — • 

OL\ «n-3 «n-2 <3n-l 

Fig. 3 Dynkin diagram for E n+ i in M-theory labelling 

The simple roots of E n may be written as 

«i = (0,au), i = l,..., n-1, a n = (x,0)-^, 
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(3.3) 



(3.5) 



where jl = (0, A n ~ 3 ) . The variable x associated with the p factor of the deleted node n is 
evaluated via the inner products between the simple roots of E n , given by the corresponding 
Cartan matrix, one finds 

x = y / ^=(3V2a)" 1 . (3.6) 
The fundamental weights of E n , dual to the simple roots are 



X 1 = I -A l -A n " 3 ,A l 



X n = -,0 



x 
1 



One may write any root of E n as 



x 



n-l 



(3.7) 



a = n c a n + nidi = n c (x, 0) — A , (3-8) 



i=i 



where A = n c V — YH=i n i<*i- As m the IIB theory, if a representation of SL(n) is present 
at some level n c in the adjoint representation of E n , then its highest weight may be written 
as A for some combination of the integers n c and n^. Level n c = contains the adjoint 
representation of SL(n). The highest weight representations of SL(n) at higher levels are 

n c = 1 n c = 2 n c = 3 , . 

A 3 A 6 A 1 + A^- 8 • (3 ' 9) 

So the weights in the lower levels of the adjoint representation of E n are 

(0, [«! + .•• + «,_!]) ,(^,[A 3 ]) , (2x, [A 6 ] ) ,(3x, [V + A^- 8 ]) . (3.10) 

The decomposition of the Cartan form Pe, at a given level n c is found by examining the 
weights. At level n c = the Cartan form Pe contains the Cartan form of SL(n) at higher 
levels the Cartan form Pe decomposes as follows 

n c = 1 n c = 2 n c = 3 , , 

Pi Pi ■ Pi ■ ^ ' 

The Cartan form contains the factor e^^' a , so at level n c we find a factor of 

With the natural ordering on the levels, we find the maximum level that contributes is 
n c = 1 for n = 3,4, n c = 2 for n = 5, 6 and n c = 3 for n = 7. The SL(n) Cartan forms 
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3 

nx 



Psl(u) originate from the four form field strength G M ^ 2 | 3 at level n c = 1, the dual of the 
four form field strength at level n c = 2 and the graviphoton at level n c = 3. These Cartan 
forms of <SX(n), arising upon dimensional reduction, carry one d dimensional spacetime 
index and (3n c ) internal indices. Therefore, each Cartan form of SL(n), at level n c , is 
multiplied by the factor 

e -p(ot+(3n c )l3) _ e (3n c )ap(^) e -ap^ (3.13) 

The two form field strengths lie in the representation of E n with highest weight A 1 . De- 
composing the A 1 of E n into representations of SL(n) level by level, we find 

n c = n c = 1 n c = 2 n c = 3 , Q 1 

^1 yi-2 yi-1 _|_ yi-7 1<J-- L4 J 

— »- 

Therefore, for n < 7, the weights of the A representation are 

(3.15) 

From the weights, we see that the corresponding two form field strengths, at each level, 
are 

n c = n c = 1 n c = 2 n c = 3 , . 

iri ~n ~p ~n (^o.lDJ 

The two form field strengths appear in <i > 4 dimensions. In <i = 11 — n dimensions one 
finds that all two form field strengths, with associated level n c , satisfying the constraint 
n < 3n c — 1 will be present. We see that the two form field strength at level n c = arises 
through the dimensional reduction of the metric and four form at levels n c = 0, n c = 1 
respectively. The two remaining levels in the decomposition of the A are associated with 
the duals of the four form field strength and the graviphoton at n c = 2 and n c = 3 
respectively. Since the two form field strengths in the E n lie in some representation of 
SL(n) at level n c in the decomposition of A 1 they carry a multiplicative factor of 

e 7f ((-£+»c*)p) = e -%-nc<*p( 9 -ir). (3.17) 

If we compare the multiplicative factor found through the decomposition of the A in the E n 
formulation to the corresponding factor arising in the dimensionally reduced formulation, 
where the two form field strengths carry two d dimensional indices and 3n c — 1 internal 
indices, and so appear multiplied by the factor 



e 



-p(2a+(3n c -l)/3) _ g-^Pg" £ -n c ap( ^) ^ ^ ^ 



we find that the two form field strengths in the dimensionally reduced M-theory formulation 
carry a surplus factor of e~ ap . In the E n formulation the three form field strengths lie in 
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the representation with highest weight A n 1 . One finds that the A n+1 representation of 
E n decomposes, in the following way for n < 5 



n c = n c = 1 
A n_1 A 



n— 1 \n— 4 

(3.19) 



We observe that, for n < 5, the weights in the A n 1 representation of E n are 



((^)'^ i ])-(^--^ 4 0- (3 - 20) 



The three form field strengths, at level n c , are 



n c = n c = 1 



(3.21) 



The three form field strength occurring in the decomposition of the A n_1 at level n c = 
arises from the dimensional reduction of the four form field strength, while the other, 
at level n c = 1 is associated with the dual of the dimensionally reduced four form field 
strength. The three form field strengths at levels n c = 0, 1 appear in d = 6, 7 dimensions, 
in d = 8 only the n c = three form field strength is present. The decomposition of the 
yi-i Q £ £^ a ^ i eve i j s multiplied by a factor of 



(3.22) 



The three form field strengths in the dimensionally reduced formulation come with three 
spacetime indices and (3n c + 1) internal indices, therefore they carry a factor of 

e -p(3a+(3n c + l)/3) _ g-aPg((-3+^)+« c (^))^ ( 3 _ 2 3) 

In d = 11 — n dimensions, the Cartan forms, field strengths and curvatures lying in the E n 
representation may be constructed out of the dimensionally reduced Cartan forms, field 
strengths and curvatures with manifest SL(n) symmetry. For example, the two form field 
strengths in d = 7 dimensions lie in the 10 of E4, which may be constructed out of the two 
form field strengths arising from dimensional reduction to d = 7. Namely, the graviphotons 
lying in the 4 and the dimensionally reduced four form field strength G i j j lying in the 
6 of SL(A). However, each of the dimensionally reduced terms carry an additional factor 
of e~ ap . Therefore, any product of Cartan forms, field strengths and curvatures, in the 
E n formulation, reconstructed using the appropriate dimensionally reduced terms, will be 
multiplied by a surplus factor of 

e-CT-aW (324) 
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where It is the total number of derivatives in the product. This factor must be attributed 
to the automorphic form in the E n formulation. To leading order, we may write the 
automorphic form in the E n formulation as §E n ~ e —v/2A*-<^ Thus, one finds 




(3.25) 



4. Discussion 

In this paper we have dimensionally reduced the higher derivative terms of ten di- 
mensional IIB theory and deduced the weight vectors that are associated with the Cartan 
subalgebra fields of the E n+ i symmetry. Most of these weights are accounted for once the 
(i-dimensional theory is expressed in terms of E n+ i covariant building blocks involving the 
Riemann tensor, field strengths and derivatives of the scalars. However, we also found that 
there was always a remaining weight. This implies that polynomials constructed only out 
of the field strengths are not consistent with U-duality in the lower dimension. On the 
other hand these additional weights can be accounted for in the d dimensional theory if 
they are attributed to an E n+ i automorphic form. In this way we obtained constraints on 
the automorphic forms that occur in <i-dimensions. 

Carrying out this procedure we have found that the dimensional reduction of the IIB 
higher derivative corrections implies that such terms in d dimensions should contain an 
automorphic form involving the weight A n+1 , using the labeling of the Dynkin diagram of 
Figure 1. It is natural to think of this as the highest weight of the representation used to 
construct the automorphic form. This applies to all terms in a given dimension, although 
this does not mean that the same automorphic appears for all terms. For terms that only 
contain the Riemann tensor and scalars the leading order weight can be readily deduced 
by counting the number of inverse metrics required, however for more general terms we 
needed to perform a detailed group theory analysis. 

As the constraints we find arise from considering the ten dimensional theory we are 
in effect considering terms that survive the decompactification from d dimensions, that is 
p — > — oo. We have focused particularly on the terms that arise at tree level in ten dimen- 
sions. However we also saw that the next-to-leading order contribution in ten-dimensions 
correctly matched that of the (i-dimensional automorphic form if the A n+1 representation 
is used for the case of Einstein-like automorphic forms. 

This result is in agreement with the results [17-36] found so far for terms with low 
numbers of spacetime derivatives in that the automorphic forms studied for these terms 

~~ * _j_i 

are constructed from the X n+ representation. It is also natural in that the string charges 
belong to the A n+1 multiplet and the discrete E n+ i group acts naturally on these objects. 
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We also performed a similar calculation from the viewpoint of eleven-dimensional M- 
theory. We found that the automorphic forms should contain the weight A 71-1 , using the 
type IIB labeling of the E n+1 Dynkin diagram of Figure 1. This is also natural as membrane 
charges belong to the A n_1 representation. It would be interesting to reconcile this result 
with that from the IIB perspective. The automorphic forms contain combinations of 
weights and one would have to find the combination of weights predicted from the M- 
theory viewpoint in the automorphic from constructed from the representation with highest 
weight A n+1 that it used in the type IIB theory. In this way the M-theory analysis places 
a non-trivial constraint on the automorphic forms. 

A more radical possibility is that the automorphic forms for these different represen- 
tations and suitable s are actually the same. In fact for SL(5) the two representations 
are the 5 of the string and the 5 of the membrane, the highest weight of the former being 
minus the lowest weight of the latter, lead to automorphic forms that are indeed related 
for suitable values of s. Indeed, for the higher rank groups some correspondences of this 
type for the automorphic forms corresponding to terms with low numbers of spacetime 
derivatives have already have been conjectured in [27,36]. This would require very consid- 
erable conspiracies since the representations involved are quite different (including vastly 
different dimensions). 

Another possibility is that a given higher derivative term can involve more than one 
automorphic form based on different representations. This has already been found to occur 
in seven dimensions for the d 4 R 4 term [35]. 
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Appendix A: Non-linear Realisations 

In this appendix we review of the construction of non-linear realisations in a form 
suitable to that used in this paper. We consider a group G with Lie algebra Lie(G). 
Lie(G) can be split into the Cartan subalgebra with elements H, positive root generators 
E& and negative root generators E-& with a > 0. There exists a natural involution, known 
as the Cartan involution, defined by 

t:(H,E s )^-(H,E_ s ) . (A.l) 
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To construct the non-linear realisation we must specify a subgroup H (not to be confused 
with the generators of the Cartan subgroup which are denoted by H). For us this is defined 
to be the subgroup left invariant under the Cartan involution, i.e. H = {g G G : r(g) = g}. 
In terms of the Lie algebra Lie(H) it is all elements A such that A = r(A). 

The non-linear realisation is constructed from group elements g(x) G G that depend 
on spacetime that are subject to the transformations 

g(x) ^ g g(x)h- 1 (x) , (A2) 

where g G G is constant and h(x) G H depends on spacetime. We may write the group 
element in the form 

g (x) = e^z>° XsEs e~^ S e^a>o UsE - s , (A4) 
but using the local transformation we can bring it to the form 

Here we use £ = (0, xs) as a generic symbol for all the scalar fields, which are functions of 
spacetime, that parameterize the coset representative. Under a rigid go G G transformation 
~~ 9o9{0 this form for the coset representative is not preserved. However one can 
make a compensating transformation h(go,£) G H that returns gog(£) into the form of 
equation (A. 5); 

9o9(Z)h- 1 (go,Z)=g(g 'Z) • (A6) 

This induces a non-linear action of the group G on the scalars; £ — > go ■ £. 

We will also need a linear representation of G. Let /?, i = 1, iV be the weights of 
the representation and |/T > be a corresponding states. We choose /I 1 to be the highest 
weight and so the corresponding state satisfies E^l/J 1 >= for all simple roots a. The 
states in the rest of the representation are polynomials of = E_ a acting on the highest 
weight state. 

We consider states of the form \ip >= ^^Ia* 1 >• Under the action U(go) of the 
group G we have 

|V >^ U(goM >= L(g^)J2^ >= (U(go)^W >= ^ D^{g^)^ > , (A.7) 

where L(g ) is the expression of the group element go in terms of the Lie algebra elements 
which now act on the states of the representation in the usual way. We note that the 
action of the group on the components ipi is given by ipi — > U(go)ipi = Dj (gQ 1 )^] 
which is the result expected for a passive action. The advantage of using the states to 
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discuss the representation is that we can use the action of the Lie algebra elements L(g ) 
on the states to compute the matrix of the representation and deduce properties of 
the representation in general. 

Given any linear realisation, such as the one in equation (A. 8), we can construct a 
non-linear realisation by 

MO >= 52<Pi\F >= Hg-^OM >= e^o^'V^o*^ > , (A8) 

where g(£) is the group element of the non-linear realisation in equation (A. 5). Under a 
group transformation U (go) it transforms as 

U(g )MO > = L(g-\0)U(goM >= L(g~ 1 (^,))L(g ~ 1 )\i(j > 

= L((g g- 1 (Z)M> (A9) 
= L(h- 1 )\<p(g -t)> 1 

using equation (A. 2). In terms of the component fields we find that <Pi(£) = 

V,/V(// ; Kllr, and U(go)(pi(£) = J2j A'CCO -1 )^ (do ■ 0- The reader can find the 
example of SL(2) worked out in section 2.1. 
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